We prove that two quasi-isomorphic simply connected differential graded associative Frobenius algebras have isomorphic Goresky-Hingston algebras on their reduced Hochschild homology. Our proof is based on relating the Goresky-Hingston algebra on reduced Hochschild homology to the singular Hochschild cohomology algebra. For any simply connected oriented closed manifold M of dimension k, the Goresky-Hingston algebra on reduced Hochschild homology induces an algebra structure of degree k−1 on H * (LM ; Q) , the reduced rational cohomology of the free loop space of M . As a consequence of our algebraic result, we deduce that the isomorphism class of the induced algebra structure on H * (LM ; Q) is an invariant of the homotopy type of M .
Introduction
String topology is concerned with the algebraic structure of the free loop space LM of a manifold M . The field began with the construction of a graded associative and commutative product on the homology of LM defined by combining the intersection product on the underlying manifold M with the concatenation product on pairs of loops in M with a common base point [4] . Later on, a graded coassociative and cocommutative coproduct on the homology of LM relative to constant loops M ⊂ LM was described in [18] and [8] by considering self intersections in a single family of loops and cutting at these intersection points to obtain two new families. These two operations are part of a rich family of compatible operations, which may be constructed at the chain level by intersecting, cutting, and reconnecting families of loops according to combinatorial patterns associated to moduli spaces of surfaces (e.g. [18] , [7] ).
There are different ways of making choices to construct string topology operations rigorously. Some use geometric and topological methods to describe intersections ( [8] , [9] , [7] , [18] ), others homotopy theoretic techniques [6] , and others start with an algebraic chain or cochain model for a manifold, such as the commutative differential graded algebra of differential forms, and then make choices algebraically in order to construct operations using the relationship between Hochschild homology and the free loop space ( [20] , [2] , [19] , [12] , [15] ). This article is concerned with an algebra structure defined through this last approach. The main theorem of this paper is a purely algebraic statement regarding the invariance of an algebra structure on the reduced Hochschild homology of a dg associative Frobenius algebra, inspired by a geometric construction known as the Goresky-Hingston coproduct ( [18] , [8] , [9] ).
Fix a field K and write ⊗ = ⊗ K . Let A be a differential graded associative (dga) unital K-algebra equipped with a non-degenerate symmetric pairing −, − : A ⊗ A → K of degree k > 0, which is compatible with the product and the differential of A. Such an object is called a dga Frobenius algebra of degree k; see Section 2 for a precise definition. In particular, any dga Frobenius algebra of degree k comes equipped with special degree k element i e i ⊗ f i ∈ A ⊗ A satisfying i xe i ⊗ f i = i (−1) kdeg(x) e i ⊗ f i x for any x ∈ A. If we think of A as a cochain model for a closed manifold M of dimension k and −, − : A ⊗ A → K as a pairing inducing the Poincaré duality pairing then i e i ⊗ f i plays the role of a representative for the Thom class of the diagonal embedding M ֒→ M × M .
Suppose A is connected (i.e. A 0 ∼ = K) and consider the double complex of Hochschild chains C * , * (A, A) where C −p,n (A, A) = ((sA) ⊗p ⊗ A) n , A ⊂ A denotes the positive degree elements of A, and for any graded vector space V = j∈Z V j , s i V denotes the shifted graded vector space given by (s i V ) j = V i+j (we write s = s 1 ). Denote by C n (A, A) = p C −p,n (A, A) and C * (A, A) = n C n (A, A). In this article we study a product ⋆ : C * (A, A) → C * (A, A) ⊗ C * (A, A) of degree k − 1 defined by the formula
The above product has been discussed in [2] and [11] in the context of commutative dga Frobenius algebras. In Section 2, we observe that the product ⋆ defines a (non-unital) dga algebra structure on the (shifted) reduced Hochschild complex s 1−k C * (A, A) of any connected dg associative (not necessarily commutative) Frobenius algebra of degree k. The reduced Hochschild complex is the subcomplex of C * (A, A) defined as the complement of C 0,0 (A, A) = A 0 ∼ = K. We call the induced algebra structure on homology (s 1−k HH * (A, A), ⋆) the Goresky-Hingston algebra on the reduced Hochschild homology of a dga Frobenius algebra A. The reason for this name is the analogy and similarities between the properties of the algebraic product ⋆ and the geometrically defined operation of [8] of the same degree. Recently, this analogy has been made precise: it has been announced in [15] that if A is a Poincaré duality model for the rational polynomial differential forms on a simply connected oriented closed manifold M (as constructed in [14] ) then the product ⋆ at the level of a relative version of Hochschild homology of A corresponds to a topologically defined version of the Goresky-Hingston product on H * (LM, M ; Q), the rational cohomology of the free loop space LM relative to constant loops.
The main theorem of this article is an algebraic proof of the invariance of the isomorphism class of the algebra (s 1−k HH * (A, A), ⋆) under quasi-isomorphisms of simply connected dga Frobenius algebras in the following sense. Let DGA 1 K be the category of differential (nonnegatively) graded associative unital K-algebras A which are simply connected, namely A 0 ∼ = K and A 1 = 0. Theorem 1.1. Let (A, −, − A ) and (B, −, − B ) be two differential graded associative Frobenius algebras of degree k such that A,
Then there is an isomorphism of Goresky-Hingston algebras (s 1−k HH * (A, A), ⋆) ∼ = (s 1−k HH * (B, B), ⋆).
In the above statement there is no required compatibility between the quasi-isomorphisms in the zig-zag and the pairings −, − A and −, − B . However, the isomorphism we construct between the Goresky-Hingston algebras of A and B uses both pairings −, − A and −, − B as well as the quasi-isomorphisms in the zig-zag.
One of the main purposes of this article is to highlight the techniques used in the proof of the above theorem which rely on an application of the invariance properties of the singular Hochschild cochain complex, as introduced in the second author's thesis and in [21] and extended in [17] to the dg setting. Given any dga algebra A (no Frobenius structure required) the singular Hochschild cochain complex C * sg (A, A) is a dga algebra, with a cup product ∪ extending the classical cup product on Hochschild cochains. Under some finiteness conditions on A, this complex computes the graded algebra of morphisms from A to itself in the singularity category
i.e. the Verdier quotient of the bounded derived category of finitely generated dg A-A-bimodules by the full sub-category of perfect dg A-A-bimodules ( [21] , [17] ). The singularity category was introduced in [3] and used in [16] to study singularities of algebraic varieties. Although we do not use the fact that the graded algebra (H * (C * sg (A, A)), ∪) calculates the morphisms in the singularity category in this paper, we do use that the isomorphism class of (H * (C * sg (A, A)), ∪) is invariant under quasi-isomorphisms of A, just as ordinary Hochschild cohomology. The surprising observation is that when A is equipped with a Frobenius structure of degree k we may relate the algebra (H * ≥k (C * sg (A, A)), ∪) to (s 1−k HH * (A, A), ⋆) in order to conclude the invariance of the latter with respect to quasi-isomorphisms. Hence our proof relates the Goresky-Hingston algebra to a homological algebra construction (more precisely, to the algebra of endomorphisms in a quotient of the derived category) in a similar way to how the algebraic model for the Chas-Sullivan loop product corresponds to the classical Hochschild cohomology algebra. All the necessary definitions, constructions, and results regarding the singular Hochschild complex are discussed in Sections 3 and 4, before the proof of our main theorem, keeping this article relatively self contained. For the relationship between the singular Hochschild cochain complex of an algebra and the Hochschild cochain complex of the dg singularity category, we refer to the recent article [13] .
We finish with the following immediate corollary of Theorem 1.1. Let A be a commutative differential graded associative (cdga) algebra whose cohomology H * (A) is a simply connected graded Frobenius algebra of degree k. By the main result of [14] , there exists a cdga Frobenius algebra (A, −, − A ) such that A 0 ∼ = K, A 1 = 0, and A is quasi-isomorphic to A through a zig-zag of cdga algebras such that the induced isomorphism on the cohomology graded algebras H * (A) ∼ = H * (A) is an isomorphism of graded Frobenius algebras. Following [14] , we call The original geometric constructions for the Goresky-Hingston operation take place at the level of relative homology H * (LM, M ), as described in ( [18] , [8] , [9] , [15] ). An interesting question is to give a geometric or topological explanation of the extension of the operation on relative homology H * (LM, M ) to reduced homology H * (LM ) so that it coincides with the algebraic extension. A geometric proof of the homotopy invariance of the Goresky-Hingston operation at the level of H * (LM, M ) (with any coefficients) has been announced in [10] . They also prove that such operation is natural in the sense that if ϕ : M → M ′ is a homotopy equivalence between oriented closed manifolds of the same dimension then H * (ϕ) :
is an isomorphism of coalgebras.
Conventions. Throughout this article we will work over a fixed field K. The sign conventions are obtained from the Koszul sign rule: when a moves past b, a sign change of (−1) deg(a)deg(b) is required. We refer to the appendix of [1] for more on sign conventions.
Goresky-Hingston algebra on the reduced Hochschild homology of a connected dga Frobenius algebra
In this section we start by recalling some classical definitions and constructions. Then we describe the Goresky-Hingston algebra on the reduced Hochschild homology of a dga Frobenius algebra.
2.1. Differential graded associative Frobenius algebras. Let K be a field. Recall that a differential graded (dg)
The dual of a dg vector space
be two dg vector spaces. There is a natural inclusion of dg vector spaces
If either U or V is finite dimensional as a K-vector space then the above inclusion becomes an isomorphism.
A differential graded associative (dga) unital K-algebra A = (A, d, µ) is a dg K-vector space (A, d) equipped with an associative product µ : A ⊗ A → A of degree zero which is a chain map, i.e. µ satisfies the graded Leibniz rule with respect to d. By unital we mean that there is an element 1 ∈ A 0 such that µ(a ⊗ 1) = a = µ(1 ⊗ a) for any a ∈ A.
Definition 2.1. Let k be a positive integer. A dga Frobenius algebra of degree k is a nonnegatively graded dga algebra A equipped with a pairing −, − :
for any a, b ∈ A.
The non-degeneracy of the pairing implies that A is finite dimensional as a K-vector space and A i = 0 for i > k. It follows that the inclusion in (1) induces an isomorphism A ∨ ⊗A ∨ ∼ = (A⊗A) ∨ . We will write µ(a ⊗ b) = ab.
Denote by ∆ : A → A ⊗ A the coproduct of degree k defined by the composition
The coproduct ∆ : A → A ⊗ A defines a dg coassociative coalgebra structure on A (of degree k) with counit ε :
2.2.
Hochschild chains and cochains. Let (A, d, µ) be a dga algebra equipped with an augmentation (a map of dga algebras) A → K. Let A ⊂ A be the kernel of the augmentation. For simplicity, we write a ∈ sA for the element sa where a ∈ A.
Recall that for any graded vector space V = j∈Z V j we denote by s i V the i-shifted graded vector space given by (s i V ) j = V i+j for any j ∈ Z.
where ǫ i := deg(a 1 ) + · · · + deg(a i ) − i, ǫ 0 := 0, and ∂ h is given by
and δ h is given by
Using similar formulas as the ones above, we may define for any dg A-A-bimodule M the Hochschild chain and cochain complexes C * (A, M ) and C * (A, M ) by setting respectively
We denote HH * (A, M ) = H * (C * (A, M )) and HH * (A, M ) = H * (C * (A, M )).
Goresky-Hingston algebra on reduced Hochschild homology. Let
A be a connected dga Frobenius algebra of degree k. In particular A 0 ∼ = K ∼ = A k . We follow the notation of Section 2.1.
The product ⋆ induces a degree 0 product on the (k − 1)-shifted graded vector space s 1−k C * (A, A).
Note that ⋆ does not satisfy the Leibniz rule with respect to the Hochschild chains differential ∂. In fact, let α = a 1 ⊗ · · · ⊗ a p ⊗ a p+1 and β = b 1 ⊗ · · · ⊗ b q ⊗ b q+1 . Then if p > 0 and q > 0
A completely analogous computation yields that if p = 0 there is a similar obstruction for ⋆ to satisfy the Leibniz rule. However, note that by degree reasons
Hence, ⋆ induces a differential graded algebra structure on the reduced Hochschild chain complex, defined as follows.
Definition 2.6. The reduced Hochschild chain complex, denoted by C * (A, A) , of a connected dga algebra A is the subcomplex of C * (A, A) defined by the complement of C 0,0 (A,
Remark 2.7. Note that if A is furthermore a simply connected dga algebra (i.e. A 0 ∼ = K and
The following proposition is now easy to check.
Proposition 2.8. Let A be a connected dga Frobenius algebra of degree k. Then the triple (s 1−k C * (A, A), ∂, ⋆) is a (non-unital) differential graded associative algebra. Definition 2.9. We call (s 1−k HH * (A, A), ∂, ⋆) the Goresky-Hingston algebra on the reduced Hochschild homology of the connected dga Frobenius algebra A.
Remark 2.10. The product ⋆ has been studied in the context of commutative dga Frobenius algebras in [2] , [11] . In the commutative case, the complement of C 0, * (A, A) = A ⊂ C * (A, A) is a subcomplex of C * (A, A). The fact that ⋆ can be extended to the associative possibly non-commutative case has also been observed in [12] .
Singular Hochschild cohomology algebra
We recall the definition of the singular Hochschild cochain complex and its cup product, as well as its invariance properties, following [21] and [17] , that will be used in the proof of our main theorem.
Singular Hochschild cochain complex. For any unital dga algebra A and non-negative integer p let Bar
. We note that Bar * (A), equipped with the differential b * + d * defined as above, is the normalized bar resolution of A (cf. e.g. [1, Section 1]). In particular, we have
for any p ≥ 0.
It follows from the above identity
Let π : A ։ sA be the natural projection of degree −1. Then we have the following description of Ω p nc (A).
where the left A-module structure in (sA) ⊗p ⊗ A is given by
the right A-module structure is given by multiplication on the right A factor of (sA) ⊗p ⊗ A, and the differential on (sA) ⊗p ⊗ A is the tensor differential, i.e. given by
It is clear that α is a morphism of dg A-A-bimodules. The inverse of α is given by the compo-
Note that we have α • β = id and β • α = id. Remark 3.2. We have an exact sequence of dg A-A-bimodules (of degree one)
, where we set Bar 1 (A) = A and b 0 = µ. This induces a short exact sequence
for any p ≥ 0. In particular, we have a short exact sequence of dg A-A-bimodules
For all p, q ≥ 0 there is a natural isomorphism of dg A-A-bimodules
In particular, we get Ω p
for p > 0. For this reason, we call Ω p nc (A) the noncommutative differential p-forms of A.
We identify Ω p nc (A) with (sA) ⊗p ⊗ A via the isomorphism α from now on. Consider the Hochschild cochain complex C * (A, Ω p nc (A)) with coefficients in the dg A-A-bimodule Ω p nc (A). Namely, we have
Define a morphism of (total) degree zero
given by the following formula
Write θ p = m∈Z ≥0 θ m,p . We have that θ p is compatible with the differentials. Namely, the following diagram commutes
Hence, the maps θ p for p ≥ 0 form an inductive system of cochain complexes.
as the colimit of the inductive system of cochain complexes
Since the θ p are compatible with the Hochschild differentials, there is an induced differential When applying the above composition to an element the Koszul sign rule is used. When p = q = 0 the cup product coincides with the classical cup product on the Hochschild cochain complex C * (A, A). Note that each structure map θ p : C * (A, Ω p nc (A)) → C * (A, Ω p+1 nc (A)) is given by the cup product with the de Rham cocycle d : a → a ⊗ 1 in C 1, * (A, Ω 1 nc (A)), namely
for any f ∈ C * (A, Ω p nc (A)). It is now easy to see that ∪ is compatible with the structure maps θ p , so it induces a well-defined product A) . The following is straightforward to verify. We refer to [21, Section 4.1] for details. Consider the short exact sequence of dg A-A-bimodules (cf. (2))
Apply the derived functor HH * (A, −) to the above to obtain a long exact sequence
where ϑ m,p denotes the connecting homomorphism. For any m ∈ Z there is a natural isomorphism HH m+1 (A, s −1 Ω p+1 nc (A)) ∼ = HH m (A, Ω p+1 nc (A)), we get an inductive system f ∪ ′ g(a 1 ⊗ · · · ⊗ a m+n ) = (−1) ǫ κ p,q f (a 1 ⊗ · · · ⊗ a m ) ⊗ A g(a m+1 ⊗ · · · ⊗ a m+n ) , where ǫ = (deg(a 1 ) + · · · + deg(a m )) deg(g). In general, ∪ ′ is not compatible with the structure maps θ p at the cochain complex level. But however, by the functority of the functor HH * (A, −), ∪ ′ is compatible with the connecting homomorphism ϑ m,p at the cohomology level. This induces a well-defined product (still denoted by ∪ ′ ) on the colimit lim −→ where D(A⊗ A op ) is the derived category of dg A-A-bimodules and K(A⊗ A op ) is the homotopy category of dg A-A-bimodules. Any morphism f : Bar −n (A) → s m Ω p nc (A)) of dg A-A-bimodules of degree zero may be lifted uniquely (up to homotopy) to ϑ(f ) so that the following diagram commutes
where the vertical maps in the right column are the two middle maps in the short exact sequence
ϑ is precisely the connecting map in the long exact sequence. But note if we replace ϑ p (f ) by H m (θ p )(f ) in the dotted morphism the diagram still commutes, so by uniqueness it follows that H * (θ p ) = ϑ p . This proves the claim.
Since colimits commute with homology, there is an isomorphism of graded vector spaces
The fact that this is an isomorphism of algebras follows from the observation that the two products ∪, ∪ ′ : C * (A, Ω p nc (A)) ⊗ C * (A, Ω q nc (A)) → C * (A, Ω p+q nc (A)) agree up to chain homotopy. More precisely, let f ∈ C m, * (A, Ω p nc (A)) and g ∈ C n, * (A, Ω q nc (A)). The chain homotopy for f ∪ g − f ∪ ′ g is given by
where g • i f is given in Definition 3.7 below. That is, we have
When p = q = 0, we note that g• >0 f coincides with the classical Gerstenhaber circle product. In this case, identity (4) follows since f ∪ ′ g = (−1) deg(f ) deg(g) g ∪ f and ∪ is graded commutative up to the homotopy term on the right hand side. For the general case, identity (4) may be verified by a similar computation. 
where π : A ։ sA is the natural projection map of degree −1, and we identify Ω p nc (A) with (sA) ⊗p ⊗A as in Lemma 3.1. In particular, when p = q = 0 we recover the classical Gerstenhaber bracket on C * (A, A) . It follows from a direct calculation that the bracket is compatible with the colimit construction, thus the bracket is well-defined on C * sg (A, A).
We will not use the following result in this paper but we recall it for general interest. :
). The maps θ A,B p form an inductive system of cochain complexes and we may define the singular Hochschild cochain complex of A with coefficients in B as
with the induced differential.
Observe that, for each p ∈ Z ≥0 , there is a zig-zag of morphisms of cochain complexes (ϕ, B) are both quasi-isomorphisms, namely, the zig-zag above is one of quasi-isomorphisms. Proof. Note that all three complexes in the zig-zag (5) have complete decreasing filtrations with the associated quotients
These associated quotients are quasi-isomorphic, thus by the usual spectral sequence argument we may conclude that the morphisms in the zig-zag in (5) are quasi-isomorphisms for each p ∈ Z ≥0 . It follows that C * sg (A, ϕ) and C * sg (ϕ, B) are quasi-isomorphisms. In general, there is no natural cup product on C * sg (A, B) as in Definition 3.4. However, we have a well-defined cup product ∪ ′ on the colimit induced by the composition HH m (A, Ω p nc (B)) ⊗ HH n (A, Ω q nc (B)) → HH m+n (A, Ω p nc (B) ⊗ A Ω q nc (B)) ∼ = − → HH m+n (A, Ω p+q nc (B)), where the first map is given by the classical Hochschild cup product construction using the dg A-A-bimodule structure on Ω i nc (B) for i = p, q via ϕ : A → B, and the second isomorphism is induced by the following natural composition
. where κ p,q is defined in Remark 3.2. Thus we obtain a product ∪ ′ : HH m (A, Ω p nc (B)) ⊗ HH n (A, Ω q nc (B)) → HH m+n (A, Ω p+q nc (B)).
By the functority of HH * (A, −) we have
nc (B)) and g ∈ HH n (A, Ω q nc (B)), so the cup product ∪ ′ in (6) induces a well-defined product on the colimit. Thus we have a product (A, B) ). Proposition 3.11. The zig-zag of quasi-isomorphisms
induces isomorphisms of graded algebras sg (B, B) ).
Proof. First for any m, n ∈ Z and p, q ∈ Z ≥0 we have the following commutative diagram The above commutative diagram is compatible with the structure maps ϑ. Note that ∪ = ∪ ′ on H * (C * sg (A, A) ) and H * (C *   sg (B, B) ), respectively.
Proof of the main theorem
We prove our main Theorem by relating the Goresky-Hingston algebra on the reduced Hochschild homology of a dga Frobenius algebra A to the singular Hochschild cohomology algebra of A and using the invariance with respect to quasi-isomorphisms of the latter (cf. Proposition 3.11).
4.1.
A homotopy retract between the Tate-Hochschild complex and the singular Hochschild complex. In the following we assume that A is a dga Frobenius algebra of degree k > 0 and we follow the notation of Section 2. where γ is the composition
where we recall that ∆(1) = i e i ⊗ f i . By totalization we mean the direct sum totalization in the Hochschild chains direction and the direct product totalization in the Hochschild cochains direction. More precisely A) .
There exists a homotopy retract of cochain complexes
Namely, ι and Π are morphisms of cochain complexes such that
In particular, ι is a quasi-isomorphism of cochain complexes.
The maps ι, Π, and H are defined below in definitions 4.3, 4.6, and 4.8, respectively. The proof of the above theorem will follow from lemmas 4.4, 4.5, 4.7, and 4.9 below. 
where i e i ⊗ f i = ∆(1). Using the property of i∈I e i ⊗ f i we may prove that ι is compatible with the differentials. We infer that ι is an injection of dg K-vector spaces.
We will now construct Π :
where ǫ : sA → K is the degree k − 1 map given by ǫ(a) = a, 1 and ◮ is the left action of A on Ω p−1 nc (A) defined in Lemma 3.1. Also recall π : A → sA is the degree −1 projection map. Set π m,0 = id : C m, * (A, A) → C m, * (A, A) for m > 0 and p = 0. Define π 0,p : C 0, * (A, Ω p nc (A)) → C −(p−1), * (A, A)
as follows. If f ∈ C 0, * (A, Ω p nc (A)) = Hom K (K, Ω p nc (A)) and f (1) = a 1 ⊗ · · · ⊗ a p ⊗ a p+1 ∈ Ω p nc (A) = (sA) ⊗p ⊗ A let π 0,p (f ) := ǫ(a 1 )a 2 ⊗ · · · ⊗ a p ⊗ a p+1 .
Lemma 4.4. π * , * is compatible with the differentials.
Proof. First we check π >0, * is compatible with the external differentials. Let f ∈ C m+1, * (A, Ω p nc (A)), m > −1. Then for any a 1 ⊗ · · · ⊗ a m+1 ∈ (sA) ⊗m+1
On the other hand, we have
Thus, we may cancel terms to obtain:
From the fact that ◮ defines a left action of A on Ω p nc (A), it follows that
thus the first sum on the right hand side in (8) cancels with the third sum since a 1 e i ⊗ f i = (−1) deg(a 1 )k e i ⊗ f i a 1 . Also, it follows from i (−1) deg(e i )(k−1) e i ⊗ ǫ(f i ) = 0 that second sum vanishes, namely
Therefore, (π * , * • δ h − δ h • π * , * )(f ) = 0. Similarly, we may check that π >0, * is compatible with the internal differentials. Let f ∈ C m+1, * (A, Ω p nc (A)) for m > −1, then
and
thus we may cancel terms to obtain
Using d( i e i ⊗ f i ) = 0 we may conclude that the three sums above vanish. Hence the maps π >0, * are compatible with the internal differentials. We now check the maps π 0, * are compatible with the internal differentials. For any f ∈ C 0, * (A, Ω p nc (A)), we identify f with f (1) := x = a 1 ⊗ · · · ⊗ a p ⊗ a p+1 ∈ (sA) ⊗p ⊗ A, and compute π 0,p • δ v (x) = π 0,p (d(a 1 ) ⊗ a 2 ⊗ · · · ⊗ a p ⊗ a p+1 ) + π 0,p ( p+1 i=2 ±a 1 ⊗ · · · ⊗ d(a i ) ⊗ · · · ⊗ a p+1 )
=∂ v • π 0,p (x).
We now check that π 0, * are also compatible with the external differentials. Namely, that the following diagram commutes for any p ∈ Z >0 :
The commutativity of diagram (9) follows since π 0,p−1 • π 1,p • δ h (a 1 ⊗ · · · ⊗ a p ⊗ a p+1 ) = i π 0,p−1 ((π ⊗ id ⊗p−1 )(b(e i ǫ(a 1 ) ⊗ · · · ⊗ a p ⊗ a p+1 f i )))
±ǫ(e i )ǫ(a 1 )a 2 ⊗ · · · ⊗ a j+1 a j+2 ⊗ · · · ⊗ a p+1 f i
where the third identity follows from the facts i ǫ(e i )f i = 1 and i e i x ⊗ f i = i e i ⊗ xf i . For m = 0 and p ∈ Z ≥0 , we have π 0,p • ι = id .
Proof. Recall that for any f ∈ C m−1, * (A, (sA) ⊗p−1 ⊗ A),
Similarly, let a 1 ⊗ · · · ⊗ a p−1 ⊗ a p ∈ C −(p−1), * (A, A), then we have π 0,p • ι(a 1 ⊗ · · · ⊗ a p−1 ⊗ a p ) = i ±π 0,p (e i ⊗ a 1 ⊗ · · · ⊗ a p−1 ⊗ a p f i ) For any x = a 1 ⊗ · · · ⊗ a p ⊗ a p+1 ∈ C 0, * (A, (sA) ⊗p ⊗ A), we have
Similarly, for m > 0 we have
We may cancel terms in the above two identities to obtain
=f (a 1 ⊗ · · · ⊗ a m ) − i ±a 1 ⊗ e i ◮ (ǫ ⊗ id ⊗p )(f (f i ⊗ a 2 ⊗ · · · ⊗ a m )) =(id −θ m−1,p−1 • π m,p )(f )(a 1 ⊗ · · · ⊗ a m ) verifying identity (10) . By induction we may conclude that id −ι • Π = δ • H + H • δ.
the dga algebra of cochains on M with real coefficients is isomorphic to the Rabinowitz-Floer homology of the unit cotangent bundle of M .
Our main result, Theorem 1.1 in the introduction, can now be proved by considering two cases as follows. Recall that DGA 1 K is the category of differential (non-negatively) graded associative unital K-algebras A which are simply connected (i.e. A 0 ∼ = K and A 1 = 0). preserves the Goresky-Hingston algebra structures.
Proof. First note that for any simply connected dga algebra A, HH * (A, A) = HH * >0 (A, A). Hence, in both cases (1) and (2) (B, B) . Finally we show that the map ι sends the product ⋆ on Hochschild chains to the cup product ∪ on the singular Hochschild cochain complex. Let α = a 1 ⊗ · · · ⊗ a p ⊗ a p+1 and β = b 1 ⊗ · · · ⊗ b q ⊗ b q+1 be two elements in C * (A, A) . We need to prove that ι(α ⋆ β) = ι(α) ∪ ι(β). Note that ι(α ⋆ β) ∈ Hom K (K, Ω p+q+2 nc (A)) is determined by
where η i = deg(f i ) deg(β) and η j = deg(f j )(deg(α) + deg(β)). But note that, since i a p+1 e i ⊗ f i = i (−1) deg(a p+1 )k e i ⊗ f i a p+1 , the above term equals i,j (−1) η i +η j +deg(a p+1 )k e j ⊗ a 1 ⊗ · · · ⊗ a p ⊗ e i ⊗ b 1 ⊗ · · · ⊗ b q ⊗ b q+1 f i a p+1 f j , which is precisely (ι(α) ∪ ι(β))(1). Hence, H * (ι) is a map of algebras in case (2) and a map of algebras when restricted to the reduced Hochschild homology summand in case (1) . Since the isomorphism HH * ≥k sg (A, A) ∼ = HH * ≥k sg (B, B) is an isomorphism of graded algebras by Proposition 3.11, the conclusion follows in both cases.
Corollary 1.2 now follows directly.
Proof of Corollary 1.2. Part (1) of the corollary follows from the above theorem since any two Poincaré duality models for A(M ) are connected by a zig-zag of quasi-isomorphisms of simply connected cdga algebras. Part (2) follows since if A and A ′ are Poincaré duality models for A(M ) and A(M ′ ) and M and M ′ are homotopy equivalent oriented closed manifolds of dimension k, then A and A ′ are connected by a zig-zag of quasi-isomorphisms of simply connected cdga algebras.
